The method of controlled Lagrangians is a technique for stabilizing underactuated mechanical systems which involves modifying a system's energy and dynamic structure through feedback. These modifications can obscure the effect of physical dissipation in the closed-loop. For example, generic damping can destabilize an equilibrium which is closed-loop stable for a conservative system model. In this paper, we consider the effect of damping on Euler-Poincar6 (special reduced Lagrangian) systems which have been stabilized about an equilibrium using the method of controlled Lagrangians. We describe a choice of feedback dissipation which asymptotically stabilizes a sub-class of controlled Euler-PoincarB systems subject to physical damping. As an example, we consider intermediate axis rotation of a damped rigid body with a single internal rotor.
Introduction
The method of controlled Lagrangians [6, 31 was specialized to the problem of stabilizing equilibria for Euler-Poincar6 systems in [7] . A feedback control law was proposed which preserves the EulerPoincart! structure but which shapes the kinetic energy of the closed-loop system. More generally, one may choose feedback which also modifies the N. E. Leonard3 This paper describes the effect of external damping on an Euler-Poincart! system which has been stabilized using the method of controlled Lagrangians. Left uncompensated, generic damping may destabilize the closed-loop equilibrium. We propose a technique for choosing feedback dissipation which yields asymptotic stability for a sub-class of controlled Euler-Poincar6 systems. The approach involves the construction and analysis of a semidefinite Lyapunov function for the closed-loop system. This work builds on previous results for the underwater vehicle with internal rotors [lo, 111.
In addition to the previous work of the authors the idea of kinetic energy shaping has been pursued in the Lagrangian setting in [l, 81. Physically, Casimirs often correspond to conservation laws for total inertial momentum. For the system described by (1) and (Z), the functions C k are conserved for any choice of control; this observation relates to the fact that internal actuators cannot affect total inertial momentum.
We wish to stabilize an unstable equilibrium
of the uncontrolled dynamics (1) and (2). (This equilibrium corresponds to a relative equilibrium for the unreduced system.) The method of controlled Lagrangians provides a control-modified reduced Lagrangian 1,. Under certain conditions on the parameters defining l,, and for a particular control law U,, the closed-loop dynamics are
Lyapnnov stability analysis gives conditions on control gains for closed-loop stability of (3).
Choosing the modified energy such that
aqa aqQ"
leads to "matching" of equations (1) 
By convention, gab denotes the inverse of gab.
The control law which gives the closed-loop equations (4) and (5) is
Note that the coefficient k," depends on the control parameter Pab. Choosing U, as in (6) gives the closed-loop equations (4) and (5).
Define the controlled momenta where Written in terms of q" and j,, the controlled energy takes the block diagonal form
This form is useful for studying stability of relative equilibria, as described in Section 3.
Including Generalized Forces
Assume that the control law U , has been chosen according to (6). Furthermore, assume that there is a function E*,q(q',ja) = which has a minimum or a maximum at the desired equilibrium (3). One method for generating such a function is the energy-Casimir method, which imposes conditions on the control gains and on the equilibrium values of the first and second partial derivatives of cf, and U. The conditions on the first derivatives ensure that the equilibrium is a critical point of E*,q. The conditions on the second derivatives ensure that the equilibrium is a strict minimum or maximum. Simple candidates for cf, and II, are functions which are linear and quadratic in their arguments. We let
and (10) The momentum conjugate to q5 is the controlled conserved quantity i3 = J3(Q3 + p i ) . Define the "controlled inertia"
For this example, [A,p] = diag(X1,Xz,Ic3) and, referring to equation (7), the controlled energy is
The equilibrium
with # 0, corresponds to steady rotation about the intermediate axis with zero relative rotor velocity. This equilibrium is unstable for the uucontrolled system. The control law (18) can be shown to stabilize (19) for appropriate choices of p. Conditions on p for stability may be found by applying the energy-Casimir method to
In the absence of dissipation, a sufficient condition for nonlinear stability is [7] 53 O < p < -.
+ 13
In this case, a negative definite Lyapunov function for (19) is where the constant 9" < 0 and satisfies An appropriate choice of feedback dissipation leads to asymptotic stability (71.
Assume that the rigid body is subject to an LaSalle's invariance principle applies to systems with semidefinite Lyapunov functions, although the task of finding a trapping region is not trivial. For this example, one may find a trapping region using a physical argument. Since drag increases with angular velocity and the propulsive torque is constant, llnll is bounded; i.e., there is a References "maximum sustainable angular rate" above which the body is slowed by drag. Using the Casimir 6, one may define a noncompact, positively invariant region whose boundary is determined by the larger of the initial angular rate and the maximum sustainable angular rate. The intersection of this region and the noncompact, positively invariant region obtained by bounding the value of E&,* is a global trapping region.
Examining the dynamics on the set where &E&,* = 0, one finds that
The largest invariant set within the set where $E&,* = 0 contains only the desired equilibrium (19). By LaSalle's principle, one concludes that the equilibrium is globally asymptotically stable. To be of practical value, stabilization techniques which rely on kinetic energy shaping must account for the effect of physical dissipation, Here we have considered the effect of damping on a class of Euler-PoincarB systems which have been stabiDec. lgg9.
lized using the method of controlled Lagrangians. For a sub-class of these systems, we have described a choice of feedback dissipation which can yield asymptotic stability in the presence of generic linear damping. The choice of control law and the proof of asymptotic stability rely on the construction and analysis of a semidefinite Lyapunov function for the conservative, closed-loop system.
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